We construct the duality-symmetric actions for a large class of six-dimensional models describing hierarchies of non-Abelian scalar, vector and tensor fields related to each other by first-order (self-)duality equations that follow from these actions. In particular, this construction provides a Lorentz invariant action for non-Abelian selfdual tensor fields. The class of models includes the bosonic sectors of the 6d (1,0) superconformal models of interacting non-Abelian self-dual tensor, vector, and hypermultiplets.
INTRODUCTION
Understanding the detailed structure of the effective 6d theory of multiple M5-branes remains one of the important long-standing issues of string/M-theory which, in particular, hampers the development of AdS 7 /CF T 6 correspondence. On general grounds this should be a (2,0) superconformal theory of non-Abelian chiral tensor supermultiplets 1 . The theory does not have a free dimensionless parameter to make it weakly coupled and this casts doubts on the very existence of its action. However, the action for a single M5-brane does exist and produces the M5-brane equations of motion 8 first derived in 9 and analyzed in detail in 10,11 using the superembedding techniques (see 12 and e.g. [13] [14] [15] [16] for a review and references).
Various other aspects of the theory of M-branes are reviewed e.g. in [17] [18] [19] [20] . One may hope that also for the multiple M5-branes an action may exist at least for a certain branch of the theory in which a dimensionless coupling constant appears and makes perturbative Lagrangian description possible.
To make progress in the construction of the theory of multiple M5-branes one should first of all solve the problem of consistently endowing the chiral tensor field with non-Abelian gauge structure, which itself is a highly non-trivial problem. If one succeeds, one can then look for equations of motion and eventually for the action. Different ways of tackling these problems have been pursued. Several approaches have been aimed at rewriting and reinterpreting the 6d theory (compactified on a circle) in terms of a 5d super-Yang-Mills theory [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . In this way one gains a dimensional parameter (the radius of the compactification circle) which allows for perturbative description. Other approaches use more sophisticated mathematical tools such as higher gauge theories, twistor spaces and gerbes [36] [37] [38] [39] [40] [41] .
Each of the approaches has its advantages, but also issues and limitations. However, one may hope that all these approaches should be related to each other and can give us, from different perspectives, hints on what is a detailed structure of the multiple M5-brane theory.
A more traditional field-theoretical approach based on the hierarchy of non-Abelian vector-tensor systems 42 has been put forward in 43 (see also 44 for a particular case) and further considered in [45] [46] [47] . It aims at the construction of superconformal models including non-Abelian tensor multiplets directly in 6-dimensional space-time showing that a nonAbelian deformation of 6d chiral tensor fields is indeed possible upon further introducing 1 For an alternative construction based on the BLG model with the gauge symmetry of volume preserving diffeomorphisms see [5] [6] [7] . The equivalence of these models to 2-4 are still to be proved.
higher rank p-forms. Supersymmetrization of this construction and on-shell closure of the (1,0) supersymmetry algebra produces unique equations of motion of the fields. It has further been shown that a sub-class of these models can be promoted to have a pseudo-action in the sense that it reproduces all equations of motion except for the self duality equations of the tensor fields. While such a pseudo-action may be considered as an efficient book-keeping device for checking supersymmetry (and other symmetries) of the field equations, it does not provide a reliable starting point for the quantization of the theory. In particular, one may wonder to which extent some of the bothersome features of these models such as the apparent presence of ghosts in the scalar sector, and the complicated vector field dynamics are an artifact of a pseudo-action.
The aim of this paper is to complete the construction of the actions for (1,0) superconformal theories initiated in 43, 45, 47 by integrating the equations of motion to a fully-fledged self-dual Lagrangian for the non-Abelian chiral 2-form fields and a duality-symmetric Lagrangian for vector gauge fields and their 3-rank tensor duals. This construction yields a non-Abelian generalization of the covariant actions for 6d Abelian chiral tensor fields 48 and of their gauge-fixed counterparts [49] [50] [51] . This paper also generalizes and extends to D = 6 the results of 52 in which duality-symmetric but non-manifestly covariant actions for D = 4 models with non-Abelian twisted self-duality were constructed.
The paper is organised as follows: in Section 2, we review the general system of nonAbelian p-forms and their gauge transformations in six dimensions describing the hierarchy of non-Abelian scalar, vector and tensor fields. The bosonic field equations for this system are given in Section 3 as dictated by (1,0) superconformal symmetry. They contain the nonAbelian self-duality equations for the tensor fields, while the vector field dynamics may be expressed in terms of a first-order duality equation relating their non-Abelian field strength to the field strength of the three-form gauge potentials. The main part of the paper is Section 4 in which we present an action that gives rise to a general set of non-Abelian (self-)duality equations in six dimensions, including the bosonic sector of the (1,0) models as a special case. Space-time covariance is ensured by the presence of an auxiliary scalar field. We carefully analyse the Euler-Lagrange equations of the duality-symmetric action and show that their various bits cascade down to a combination of the first-order duality equations and derivatives thereof (which can be integrated as in the Abelian case). Together, the various parts of the equations of motion assemble into the full set of first-order (self-)duality equations. In Section 5, we work out some illustrative example and collect our conclusions in Section 6.
NON-ABELIAN p-FORMS IN SIX DIMENSIONS
In this section we will briefly review the system of non-Abelian p-forms (p = 1, . . . , 4) and their gauge transformations in six dimensions describing the hierarchy of non-Abelian scalar, vector and tensor fields. For more details the reader is referred to 43, 45, 47 .
The tensor hierarchy is formed by the p-forms (A and their fermionic partners form the chiral tensor supermultiplet. Later we will also add the non-Abelian hypermultiplets. To avoid the proliferation of indices, we will work with differential forms on which the external derivative will act from the right. In what follows we will be only interested in a subclass of the models which have a Lagrangian description. This requires the introduction of an (indefinite) constant metric η IJ and its inverse η IJ (η IJ η JK = δ I K ) which raise, lower and contract the indices I, J, K. The non-Abelian field strengths of the p-form gauge potentials are given by
1)
2) 
The covariant derivatives D are defined as follows 
Let us also note that the algebraic constraints among the constant tensors parametrizing the gauge system in particular imply that the gauge generators appearing in these covariant derivatives are related to the Stückelberg coupling k α r via 
10)
Eq. (2.11) defines the 5-form field strength H 5α = DC 4α + · · · (at least under projection with k α r ). We will not need its explicit form in our construction. We only notice that H 5α contains the tensors c t α s and c α IJ which enter eqs. (2.8), so that its Binachi identites read
Actually, also neither explicit form of H 4r nor H I 3 is needed for our calculations. The expressions for the general variation of the covariant field strengths (2.1)-(2.3) can be reproduced formally from the Bianchi identities. These are
where we have introduced the compact notation
14)
The non-Abelian gauge transformations with (p − 1)-form parameters (Λ r , Λ 
BOSONIC PART OF THE (1, 0) SUPERCONFORMAL FIELD EQUATIONS
So far, we have introduced the non-Abelian system of p-forms in six dimensions on a purely kinematical level. Its supersymmetric dynamics may be deduced from closure of the (1,0) supersymmetry algebra 43 . In particular, this fixes the couplings of the p-forms to the scalar fields φ I and Y ij completing the (1, 0) vector and tensor multiplets, respectively.
In absence of hypermultiplets, and when all the fermions are set to zero, the resulting bosonic field equations are
for the tensor multiplets and 
with the scalar matter current J r . In presence of hypermultiplets, the r.h.s. of this duality equation receives an additional contribution from the hyper scalar current 47 .
In the next section we will construct an action that reproduces the first-order (self-)duality equations (3.1), (3.4), (3.5) by extending the construction of 48 to the non-Abelian case.
THE ACTION
In this section we will present an action from which the field equations of the previous section are derived. In particular, this includes an action for the non-Abelian chiral gauge field B I 2 . More generally, we will construct an action which reproduces the general set of six-dimensional non-Abelian (self-)duality equations for the p-forms
The particular choice of
for the vector kinetic matrix and the scalar current corresponds to the bosonic sector of the (1,0) superconformal models discussed in Section 3 above, but our results apply to any six-dimensional system of the form (4.1). In particular, they include the coupling of the vector and tensor multiplets to the (1,0) hypermultiplets considered in 47 .
We will proceed in two steps. First, in Section 4 A we construct an action that gives rise to the non-Abelian self-duality equation (3.1) for the tensor fields together with the standard second-order field equations for the remaining fields. It is of the form
The first three terms in (4.3) which include kinetic terms of the scalars and the vector gauge field have been constructed in 43 . The last term L HH is the Lagrangian for the non-Abelian chiral gauge field B I 2 whose construction is one of the main results of this paper. In the second step, in Section 4 B, we generalize this action to a duality-symmetric action that also treats vector fields and three-form gauge potentials on the same footing and produces their first-order duality equation (3.4) among the proper field equations. This is achieved by extending (4.3) to
with the new term L H 4 /F carrying the field strength of the three-form gauge potentials.
In the differential form notation the first term in the actions (4.3), (4.4) has the following generic form
with covariant derivatives D and where d 6 x stands for the 6-form dx
The scalar potential V scal is a priori arbitrary. In the case of the (1, 0) superconformal models of 43 it takes the following form 
where the matrix M rs is constructed from the scalars. In the case of the (1, 0) superconformal models it is defined by (4.2) in terms of the tensor multiplet scalars. 
which is (identically) closed ddL top ≡ 0, as can easily be checked using the Bianchi identities (2.9), (2.10) and (2.11). Then the topological action is
For performing the variation of the action we do not need the explicit form of L top , since
and the second term does not contribute to the integral when the 6d space is assumed to have no boundaries 2 . Actually we also use this property for other Lagrangian forms and omit total derivative terms in their variation.
The following construction applies to arbitrary scalar and vector couplings L scal , L vec and, in the following, we will not make use of the specific form of the scalar potential (4.6) and the kinetic matrix (4.2) dictated by superconformal invariance. The topological term on the other hand is universal with its form determined by the non-Abelian tensor hierarchy of Section 2.
A. Action for chiral tensor fields
Let us now describe in detail the chiral tensor field Lagrangian entering the actions (4.3), (4.4) . It has the following form
where the one-form
is the normalized derivative of the auxiliary scalar field a(x), whose presence in the action ensures its space-time covariance (see 48 for the Abelian chiral field case in D = 6). Consistency of the construction requires that the action (4.3) is invariant under a local symmetry which allows one to gauge fix v µ to a constant value and moreover that the variation of the action produces the desired equations of motion. To this end, let us consider a generic variation of (4.3) with respect to the scalar and tensor fields. The variation of the Lagrangian (4.10) reads
2 i δ is the contraction operation with the variation δ considered as a vector field, so that i δ d = δ, i δ dA r = δA r etc. In our conventions this operation acts from the right, e.g.
where δH I 3 was defined in (2.13) and
To obtain (4.12), the following identities are useful
and F p ∧ * G p = G p ∧ * F p . Introducing the notation
we can write (4.12) as
Now, using equations (2.13) and the Bianchi identities (2.9), (2.10), one gets
Terms similar to those in the second line of (4.17) enter the variation of the topological term L top (4.8)
Combining this with the variation of the matter Lagrangian L scal + L vec , we finally obtain the variation of the full Lagrangian (4.3) 20) with the matter current J r defined by the variation of the matter Lagrangian as 
where the two-form parameter ϕ 2r (x) is arbitrary and the one-form parameter ϕ
where ϕ(x) is an arbitrary scalar parameter and 
from which it follows that
and the modified Lorentz transformations under which the gauge fixed action is invariant are
In (4.28) it is implied that in the quantities G and the complementary (orthogonal) projector
which obeys g r IP I J = 0. We stress that the introduction of this projector is an auxiliary structure in order to derive the different parts of the equations of motion, whereas eventually the combined set of equations of motion does not carry any reference to this projector.
We start with the equation of motion produced by the variation of C 3r 
The equation (4.36) is a projected version of the duality relation between H 4r and F r . As for equation (4.37), it reduces tō
since, by virtue of (4.33), the non-trivial connection part of the covariant derivative D in (4.37) isP 
Notice that the field a(x) does not enter these equations. This once again manifests the fact that a(x) is completely auxiliary and is only required for ensuring the space-time covariance of the action.
The (bosonic limit of the) (1,0) models of 43 are recovered with the particular choice of M rs and J t as in eq. (4.2) and the scalar potential as in (4.6) dictated by supersymmetry. In this case the variation of the action (4.3) with respect to the scalar fields yields the equations of motion Finally, before concluding this section let us note that, using the Bianchi identities (2.11) one can rewrite the general variation (4.20) as follows
where
The last term in the second line of (4.45) infers that the four-form gauge potential k α r C 4α can be dual to the scalars φ I (see eq. (3.5)). This duality condition, however, does not follow from the above action (note that the action (4.3) does not even contain the four-form field C 4α ). In the next section, we will construct an action for the extended tensor hierarchy system, that explictly includes the four-form C 4α and also treats the vector and three-form fields A r 1 and C 3r in a duality-symmetric fashion. Equation (3.5) will then appear as a full-fledged equation of motion.
B. Action with manifest vector-tensor duality symmetry
In this section we will extend the action 
where K 4r has been defined in (4.46) , and the matrixM rs is such that
where P r s is the projector of the same rank as M st , i.e.
If M rs is invertible, which is the case we shall mostly deal with,M rs is inverse of M rs , i.e. 
We should now check that the addition of the Lagrangian (4.47) to the action (4.3)
does not spoil the local symmetries (4.22) and (4.23). Using the relation * (i v * K 4r ∧ v) = K 4r − i v K 4r ∧ v we find that the generic variation of (4.47) is
where we introduced the definitions
in accordance with (4.24) . Adding this variation to (4.45) and making use of the explicit form of δF r and δH 4r given in (2.13) we get
One can check that this variation vanishes for the local symmetry transformations (4.23) provided that A r 1 and C 4α transform as follows
where the four-form X 4s is such that
This relation has solutions when (MM) 
Derivation of the field equations
Let us now discuss the derivation of the field equations from the variation (4.53) of the extended Lagrangian (4.4), assuming that the kinetic matrix M rs of the vector fields is invertible (4.49). In this case, the variation (4.53) reduces to
It follows that this variation vanishes under an extension of the local symmetry transformations (4.22) and is invariant under
where the parameters ϕ Let us turn to the equations appearing as the coefficient for ∆C 3r in the variation (4.56) :
Upon projection withP, we find Similar to the Abelian case, we thus conclude that locally Finally, let us turn to the equations appearing as the coefficient for the vector fields δA r in (4.56). Upon using all field equations that we have already derived, these equations reduce 
EXAMPLE
Let us now consider an example of a minimal Lagrangian model given in 45 . In this model the vector fields split into two sets
and the constant tensors f rs t and d I rs reduce as follows
i.e., e.g. f aÎĴ = −fÎ aĴ = − It is important to note that the fields with lower and upper indicesÎ are different fields, and that the metric η IJ is anti-diagonal
To be more explicit, in the case under consideration
Notice that both of Eqs. (5.8) give X aĴÎ = T aĴÎ .
Finally, the 3-form fields take values in the R ′ representation only, i.e.
For simplicity, in the further consideration we shall not take into account tensor fields which are singlets with respect to the non-Abelian symmetries.
The field strengths (2.1)-(2.3) take the following form 12) where the covariant derivative D contains the vector potential A a only,
or more explicitly
Note that the fields AÎ andB 2Î are of a Stückelberg type and thus can be absorbed, respectively, by BÎ 2 and C 3Î , which is indicated in (5.10) and (5.11) by renaming FÎ ≡ BÎ 2 and H 3Î ≡ C 3Î . It is these latter fields that transform covariantly under the gauge-group representations generated by (T a )ĴÎ and enter the action.
In this case the action (4.3)-(4.10) reduces to the following form
The first term in (5.14) can be rewritten in the following form
So the action (5.14) takes the form
Now note that the combination of the C 3Î terms is anti-self-dual. Indeed, in view of the identity (4.14)
The generic identity (4.14) applied to an anti-self dual tensor reads
From (5.17) and (5.18) it follows that * C 3Î = −C
The ϕ 2Î ∧ v part of C 3Î does not contribute to the action, so without loss of generality, in 
CONCLUSION
We have constructed the duality-symmetric actions for a large class of six-dimensional models describing hierarchies of non-Abelian scalar, vector and tensor fields related to each other by (self-)duality equations that follow from these actions. This class includes the bosonic sectors of the 6d (1,0) superconformal models of interacting non-Abelian vector, tensor and hypermultiplets constructed in 43, 45, 47 . The supersymmetrization of the actions of this paper by the inclusion of fermionic sectors will be considered elsewhere. A generic feature of the supersymmetric manifestly duality-invariant actions is that the off-shell supersymmetry transformations of fermionic fields get augmented by terms which vanish when the bosonic fields satisfy the (self-)duality conditions (see e.g. 51, 53 ).
We have first obtained the action (4.3) that gives rise to non-Abelian self-duality equations for the tensor fields. In the second step, we have extended this action to the action (4.4)
that also yields the non-Abelian first-order duality equations between vector and three-form tensor gauge potentials. Continuing this line of thought, a natural next step in the construction would be the extension of (4.4) to an action that also yields the first-order duality equations between scalar and four-form tensor gauge potentials. This would correspond to a truly democratic formulation of the six-dimensional models, in which all p-forms enter on equal footing with the forms of different degree interlocked by the non-Abelian structure of the tensor hierarchy. This final extension to include the duality equations for the scalar fields will proceed straightforwardly along the pattern put forward in Section 4. On the technical side it will require to extend the six-dimensional tensor hierarchy of Section 2 by the inclusion of five-form gauge potentials, c.f. 54 .
In connection with the issues of the (2,0) superconformal theory of multiple M5-branes, further study is required for understanding whether in some of these (1,0) supersymmetric models the redundant degrees of freedom associated with propagating vector fields can be removed and (1,0) supersymmetry can be enhanced to (2,0). Another important issue to be resolved is the presence (in general) of ghosts in the action due to the non-positive definiteness of the metric η IJ (see e.g. eq. (4.5)). Clearly, it would also be of interest to study the relation of these systems to other proposals of non-Abelian 6d chiral tensor models and, by dimensional reduction, to 5d and 4d super-Yang-Mills theories.
